We study compactification of heterotic strings to three dimensions on orbifolds of G 2 holonomy. We consider the standard embedding and show that the gauge group is broken from E 8 ×E 
Introduction
In this note we examine compactifications of type II and heterotic strings on a class of orbifolds T 7 /Z 3 2 whose singularities can be resolved to get manifolds with G 2 holonomy [1] [2] [3] . One motivation to undertake this problem is that, to our knowledge, hitherto it has received little attention. Compactification of the low-energy supergravity limits on compact 7-manifolds of G 2 holonomy has been studied in [4] (see also [5] ), but our main concern is to discuss the string compactification from the world sheet perspective.
It is known that string compactification on singular orbifolds is well defined as long as all twisted sectors are included and a projection on orbifold invariant states is implemented [6] . We will precisely carry out this program to systematically construct the massless states and identify their multiplicities and gauge transformation properties. We will mainly focus on heterotic strings with standard embedding of the orbifold action, but our methods can also be applied to analyze non-standard embeddings.
Various aspects of string compactification on T 7 /Z αβ : (z 1 , z 2 , x 2 , x 4 , x 6 ) → (z 1 , −z 2 , x 2 + 1 2
, −x 4 , −x 6 ) (2.9)
Each singular component can be repaired by using an Eguchi-Hanson (EH) space but as explained in [2, 3] , there are two distinct ways of implementing the action of αβ. In the option to blow up the singularity the orientation of the EH space is preserved so that its fundamental 2-form ω 2 is invariant under αβ. If the singularity is instead deformed, the orientation is reversed and ω 2 picks up a minus sign under αβ.
For future purposes it is useful to review the computation of the Betti numbers of the resolved T 7 /Z In model B in which the singularities of γ are eight copies of (2.8), the Betti numbers b 2 and b 3 depend on how the Z ′ 2 acts on the EH space. We will consider only the case in which all singularities are resolved in the same way. If the singularities are blown up the 2-form ω 2 of each EH space is invariant under αβ and there will also be one additional 
Partition function
The structure of the singular sets can be translated into properties of the partition function of strings propagating on the T 7 /Γ orbifold. Recall that when Γ is Abelian this partition function can be written as [6] 
The sum over h is over twisted sectors and the sum over g enforces the orbifold projection.
Correspondingly, Z(h, g) is the trace over states evaluated with boundary conditions periodic up to h in the spatial direction and up to g in the time direction of the world-sheet torus. Z h is called the h-sector partition function.
In the T 7 /Γ orbifolds under study the partition function greatly simplifies because Z(h, g) vanishes when h, g ∈ Γ do not have simultaneous fixed points. Moreover, for the Γ = Z 3 2 that we are considering the only sectors where massless states can appear have h = 1, α, β, γ. In the remaining twisted sectors the lowest lying states are massive because h acts as a pure translation on some coordinates in which the winding numbers must then be half-integers.
When h = 1, g can be any element so that in the untwisted sector partition function the sum is over all g ∈ Γ. On the other hand, in the α-twisted sector with h = α, g can only be the identity or α itself because other elements act freely on the α fixed points. Therefore, in this sector
Since α leaves 16 fixed points, we see that in Z α the states will appear with multiplicity four, consistent with the fact that the singular set of α has four components. Notice that the orbifold projection just requires that the states in the α sector be invariant under the subgroup generated by α. In the untwisted sector the states must be invariant under the full Γ.
The contribution Z β of the β sector is analogous, and also Z γ in model A. In model B, the element αβ leaves the fixed points of γ invariant so that
States will appear with multiplicty 8 and they must be invariant under the subgroup generated by γ and αβ.
In the next sections we will study strings propagating in the Joyce orbifolds described above. We first consider type II compactification as a warm up exercise and then turn to the most interesting case of heterotic compactifications. The properties of the partition function will be essential to obtain the spectrum of massless states which will be basically determined by the Betti numbers of the resolved orbifolds.
Type II compactifications
To begin we quickly review the reduction of the type II supergravities on smooth manifolds of G 2 holonomy [4] . The resulting theory has four supercharges which means N =2 supersymmetry in d=3. To count the number of massless multiplets it is enough to look at bosonic zero modes, taking into account that in d=3 a vector is dual to a scalar, and that the N =2 scalar multiplet has a complex scalar. Reduction of the 10-dimensional NSNS fields (metric, 2-form and dilaton) to d=3 gives rise, on shell, to a dilaton, 
Orbifold compactification
The goal is to deduce the massless spectrum from compactification of the world sheet degrees of freedom on the orbifold. To this end we use the light cone NSR formulation and denote the left and right moving oscillators respectively by (α We next implement the orbifold projection on the untwisted states. The Z 3 2 action is generated by the SO(7) rotationsα,β, andγ under which the NS states transform
Clearly, the singlet is ψ |0 . The Ramond states |s a transform as an 8 spinor of SO (7), which under Z 3 2 also splits as 1 + 7 v , as we explained in the previous chapter. We will denote |s 0 the singlet state and |s i the remaining states transforming as 7 v . For right movers we make the analogous decomposition. The invariant RR states are therefore the axion |s 0 ⊗ |s 0 , and seven scalar moduli |s i ⊗ |s i .
Altogether the invariant untwisted states comprise one axiodilaton multiplet plus seven additional scalar multiplets. The states from the NSNS and RR sectors combine into complex scalars while the NSR and RNS sectors provide the fermionic partners. This result is consistent with the calculation of the spectrum by reduction of the 10-dimensional fields. We have seen that in general, besides the axiodilaton multiplet, there are (
scalar multiplets. We also know that the untwisted sector corresponds to compactification on the unresolved T 7 /Γ, and in T 7 there are no invariant 2-forms and 7 invariant 3-forms.
Hence we indeed expect 7 additional scalar multiplets in the untwisted sector from b 
There are massless states because in NS, as well as in R, there are zero modes.
To be concrete we specialize to the α sector. In the following it is crucial to remember that the partition function in the α sector ( . The GSO projection selects w 1 = w 2 and the two surviving weights make up the ( We now work out the γ sector in model B, which is different because the orbifold projection requires invariance under the subgroup generated byγ andαβ. The massless states in the left NS sector arise from the zero modes ψ k 0 , k = 1, 3, 5, 7. It is convenient to bosonize (ψ 1 , ψ 7 ) and (ψ 3 , ψ 5 ) into H (17) and H (35) , so that the massless states are 3 Recall that the zero point energy of a real boson is − labelled by weights (w (17) , w (35) ) = (± In model A the β and γ twisted sectors are completely analogous to the α sector.
In model B the γ sector is different but the net contribution is the same. Including the untwisted states the full massless spectrum in both examples consists of 56 scalar multiplets.
So far we have discussed type IIB. For type IIA we just have to change the GSO projection for the right movers in the R sector. It is easy to see that the massless spectrum remains unaltered. In the untwisted sector the spinor 8 c states also transform as 1 + 7 v of SO(7). In the α sector the GSO projection gives a (0, 
Heterotic compactifications
In this section we first discuss reduction of ten dimensional heterotic supergravity on a smooth manifold of G 2 holonomy. This problem has been addressed in [4] and [9] but assuming a gauge background that only leaves unbroken the maximal Abelian subgroup U(1) 16 . In this paper we rather want to consider the standard embedding in which the gauge and the spin connection are equal. This problem was already investigated in [16] where the authors give the full modular invariant partition function of the E 8 × E ′ 8 heterotic string compactified on a T 7 /Z 3 2 orbifold. They also argue that E 8 is broken to F 4 , and count the massless states in the 26 representation using properties of the underlying conformal field theory. We will determine the massless spectrum using simpler standard orbifold techniques [19, 20] that can also be implemented to study other consistent embeddings.
Reduction
Upon compactification the resulting theory has two supercharges, meaning N =1 in d=3.
There will be neutral and charged matter in scalar multiplets that have one real scalar.
There will also appear gauge multiplets with one real vector. In ten dimensions there is a gravity multiplet plus a Yang-Mills multiplet with gauge group E 8 × E , where J is a gauge index. To determine the resulting group and matter representations we need to specify the gauge background. In the standard embedding the gauge connection is equal to the spin connection which is a G 2 gauge field. In the
this is embedded in E 8 . The commutant of G 2 in E 8 is F 4 and to arrive at the corresponding branching it is useful to consider first the adjoint decomposition under 
Orbifold compactification
Our purpose is to derive the massless spectrum from compactification of the world sheet 1) and (3.2) . We will only look into bosonic states so that we just need to consider right movers in the NS sector. The R sector leads to fermionic partners that complete full N =1 supermultiplets in d=3.
The left movers include 8 real bosons and 32 real 'gauge' fermions λ A . In the SO(32)
heterotic string all fermions belong to one set with GSO projection e iπF = 1. In the
heterotic string the fermions are split into two sets λ a and λ ′a , a = 1, · · · , 16, for which there are separate NS and R boundary conditions and GSO projections e iπF = 1,
Conventions are those of [20] . To perform the compactification it is necessary to specify how the orbifold generators act on the gauge fermions. We will mostly focus on the standard embedding which automatically satisfies the level-matching condition required by modular invariance. For a T 7 /Z 3 2 heterotic orbifold the standard embedding consists of choosing a subset λ i , i = 1, · · · , 7, on which the SO(7) rotations (α,β,γ) act in the same way as on theψ i . In section 4.2.3 we describe other possible actions consistent with level-matching. We work with the fermionic formulation because the form of the orbifold generators precludes combining the λ's into complex fermions that could be bosonized.
For clarity of presentation in the following we study the two heterotic theories in order.
Standard embedding in SO(32) heterotic
Massless states can only arise in the NS sector of the left fermions in which the mass formula is given by
where in the untwisted and twisted sectors ∆ NS = −1 and
respectively, as can be readily checked using the results in footnote 3. In the untwisted sector the GSO projection and level matching at zero mass only allow left NS states either with one bosonic or two fermionic oscillators. Then, the untwisted ( NS, NS) massless states arẽ .7) where ℓ = 5, 6, 7. In the α sector there is an overall multiplicity of 4 due to the number of fixed orbits. Therefore, altogether matter comprises 16 scalars in the 25 of SO (25) and 16 · 3 gauge singlets. There are also 16 · 4 singlets which presumably entail metric moduli and blowing-up modes as in Calabi-Yau orbifolds with standard embedding [20, 21] . Clearly the spectrum has a different structure compared to that in the α sector. However, since the overall multiplicity due to fixed sets is now 8, in total there are again 16 scalars in the 25 of SO (25) In conclusion, the gauge group is broken to SO(25) and there are b 2 +b 3 = 55 multiplets transforming as (25 + 1). There are also 110 gauge bundle moduli, 14 from the untwisted sector and 32 from each twisted sector. The remaining states are 55 moduli multiplets plus 144 additional singlets that presumably become massive after resolving the singularities.
Standard embedding in
There is now a (NS, NS ′ ) sector for the left fermions in which the mass formula is just
It is easy to see that in the untwisted sector the massless states are as in (4.5) and (4.6) but with I, J = 8, · · · , 16. Thus, there will be 36 gauge vectors that furnish the adjoint of SO(9) and 7 scalars that transform as 9. There are new statesψ
|0 that are vectors in the adjoint of SO (16) ′ . Recall that in the standard embedding the fermions λ ′a are totally inert under the orbifold action.
The main new feature in the E 8 × E ′ 8 heterotic is the existence of massless states in mixed sectors of the left fermions in which the mass formula turns out to be (16) spinor. The GSO projection selects the 128 that under SO(7) × SO(9) transforms as (8, 16) . We already know that the 8 spinor of SO(7) transforms as 1 + 7 v under the orbifold Z given in (4.8) and (4.9), yields 2 scalars transforming in the 26 of F 4 . Since the fixed set multiplicity is 8 in the end the overall spectrum is the same as in the α sector studied before.
The final outcome is that the massless orbifold spectrum conforms with reduction on a smooth manifold. E 8 is broken to F 4 and there are 55 multiplets transforming in the 26. The counting of additional singlets is exactly as in the SO(32) heterotic. Similar results have been obtained in [16] .
Non-standard embeddings
The orbifold action on the right fermionsψ i is given by the SO (7) rotations (α,β,γ) defined in (2.1). The embedding in the left fermions λ A is realized by gauge twists of order two denoted (A, B, C). These twists can be taken to be diagonal and are specified by strings of (−1)'s and 1's. For instance, in the standard embedding 1 16 ) (4.14)
where (±1) n stands for (±1) repeated n times. The separation into two groups of 16 eigenvalues is meant to apply only to the E 8 × E but all have to be taken into account to obtain the allowed triplets (A, B, C). Notice that the products AB, BC and AC must also satisfy the condition on the number of negative eigenvalues. We will not attempt to classify all allowed embeddings. We will just give some simple examples to show how the standard orbifold techniques can be applied to derive the spectrum.
The first example in the SO(32) heterotic has twists (A 1 , B 0 , C 0 ), with
and B 0 , C 0 as in (4.14). We will describe the spectrum briefly, concentrating in the differences with the standard embedding. The gauge group turns out to be SO ( 
Final Comments
The aim of this paper was to study the compactification of heterotic strings on T 7 /Z 3 2 orbifolds. Using systematic orbifold techniques we were able to find the invariant massless states in the untwisted and twisted sectors. In the standard embedding the results match those obtained from reduction of the 10-dimensional theory on a smooth manifold of G 2 holonomy. Concretely, the gauge group SO(32) or E 8 × E We have also shown that type IIB and type IIA strings compactified on T 7 /Z 3 2 orbifolds of G 2 holonomy have equal massless spectrum consisting of (1 + b 2 + b 3 ) N =2 scalar multiplets in d=3.
Our main motivation was to study standard and non-standard heterotic compactifications to uncover the unbroken gauge symmetries. The allowed Higgsing patterns in the resulting d=3 N =1 supersymmetric gauge theories could be determined. It would be of interest to compare with M-theory compactifications on 8-dimensional manifolds of Spin (7) holonomy to understand the enhancing to non-simply laced groups. 
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A Gravitino zero modes
By supersymmetry the gravitino Ψ p , p = 1, · · · , 7, must have (b 2 + b 3 ) zero modes. This result can be shown using general properties of a manifold Y of G 2 holonomy. On Y there is a covariantly constant spinor η and in consequence there exist a covariantly constant 3-form ϕ and a 4-form Φ = * ϕ given by [18] ϕ mnp = iηΓ mnp η ; Φ mnpq = −ηΓ mnpq η (A.1)
We use the conventions of [22] .
Zero modes of Ψ p satisfy the Rarita-Schwinger equation
In Y we can construct the solutions using the covariantly constant spinor and the harmonic forms, as it is done in Calabi-Yau compactifications [23] . 
